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Problem 1.42

Express the cylindrical unit vectors ŝ, ϕ̂, ẑ in terms of x̂, ŷ, ẑ (that is, derive Eq. 1.75). “Invert”
your formulas to get x̂, ŷ, ẑ in terms of ŝ, ϕ̂, ẑ (and ϕ).

Solution

Eq. 1.74 gives the formulas to switch from Cartesian coordinates (x, y, z) into cylindrical
coordinates (s, ϕ, z). 

x = s cosϕ

y = s sinϕ

z = z

(1.62)

The horizontal position vector from the z-axis (0, 0, z) to the point (x, y, z) is written as

s = xx̂+ yŷ

sŝ = xx̂+ yŷ.

Divide both sides by s to get the radial unit vector.

ŝ =
x

s
x̂+

y

s
ŷ

=
s cosϕ

s
x̂+

s sinϕ

s
ŷ

= cosϕ x̂+ sinϕ ŷ

In order to get a formula for ϕ̂, consider a point in the xy-plane for simplicity and use
trigonometry. The triangle on the right is of the magnitude of ϕ̂ and the magnitudes of the
components along the x- and y-axes.

The x-component of ϕ̂ is − sinϕ, and the y-component of ϕ̂ is cosϕ:

ϕ̂ = − sinϕ x̂+ cosϕ ŷ.
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By the right-hand corkscrew rule, the remaining unit vector ẑ is given by

ẑ = ŝ× ϕ̂

=

∣∣∣∣∣∣∣∣
x̂ ŷ ẑ

cosϕ sinϕ 0

− sinϕ cosϕ 0

∣∣∣∣∣∣∣∣
= 0 x̂+ 0 ŷ + (cos2 ϕ+ sin2 ϕ)ẑ

= ẑ.

To summarize, 
ŝ = cosϕ x̂+ sinϕ ŷ

ϕ̂ = − sinϕ x̂+ cosϕ ŷ

ẑ = ẑ

.

In order to get the formulas for x̂, ŷ, and ẑ, write this as a matrix equation.
ŝ

ϕ̂

ẑ

 =


cosϕ sinϕ 0

− sinϕ cosϕ 0

0 0 1



x̂

ŷ

ẑ


Consequently, 

x̂

ŷ

ẑ

 =


cosϕ sinϕ 0

− sinϕ cosϕ 0

0 0 1


−1 

ŝ

ϕ̂

ẑ

 .
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Find the inverse of the matrix.


cosϕ sinϕ 0 1 0 0

− sinϕ cosϕ 0 0 1 0

0 0 1 0 0 1

 ∼


1 sinϕ

cosϕ 0 1
cosϕ 0 0

− sinϕ cosϕ 0 0 1 0

0 0 1 0 0 1

 ∼


1 sinϕ

cosϕ 0 1
cosϕ 0 0

0 cosϕ+ sin2 ϕ
cosϕ 0 sinϕ

cosϕ 1 0

0 0 1 0 0 1



∼


1 sinϕ

cosϕ 0 1
cosϕ 0 0

0 1
cosϕ 0 sinϕ

cosϕ 1 0

0 0 1 0 0 1



∼


1 sinϕ

cosϕ 0 1
cosϕ 0 0

0 1 0 sinϕ cosϕ 0

0 0 1 0 0 1



∼


1 0 0 1

cosϕ − sin2 ϕ
cosϕ − sinϕ 0

0 1 0 sinϕ cosϕ 0

0 0 1 0 0 1



∼


1 0 0 cosϕ − sinϕ 0

0 1 0 sinϕ cosϕ 0

0 0 1 0 0 1


The inverse matrix is then

cosϕ sinϕ 0

− sinϕ cosϕ 0

0 0 1


−1

=


cosϕ − sinϕ 0

sinϕ cosϕ 0

0 0 1

 ,

which means 
x̂

ŷ

ẑ

 =


cosϕ sinϕ 0

− sinϕ cosϕ 0

0 0 1


−1 

ŝ

ϕ̂

ẑ

 =


cosϕ − sinϕ 0

sinϕ cosϕ 0

0 0 1



ŝ

ϕ̂

ẑ

 .

Therefore, 
x̂ = cosϕ ŝ− sinϕ ϕ̂

ŷ = sinϕ ŝ+ cosϕ ϕ̂

ẑ = ẑ

.
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